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Abstract
In this work, some new generalized Gronwall-Bellman type nonlinear delay integral
inequalities for discontinuous functions are established, which can be used as a
handy tool in the quantitative and qualitative analysis of solutions of certain integral
equations. The established results generalize the main results of Gao and Meng in
(Math. Pract. Theory 39(22):198-203, 2009).
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1 Introduction
In recent years, the research of various mathematical inequalities has been paid much at-
tention to by many authors, and many integral inequalities have been established, which
provide handy tools for investigating the quantitative and qualitative properties of solu-
tions of integral and diﬀerential equations. Among these inequalities, Gronwall-Bellman
type integral inequalities are of particular importance as such inequalities provide explicit
bounds for unknown functions, and a lot of generalizations of Gronwall-Bellman type
integral inequalities have been established (for example, see [–] and the references
therein). But to our knowledge,most of the known integral inequalities are concernedwith
continuous functions, while very few authors undertake research in integral inequalities
for discontinuous functions [–]. Furthermore, delay integral inequalities containing
integration on inﬁnite intervals for discontinuous functions have not been reported in the
literature so far.
In [], Gao andMeng established a generalized Gronwall-Bellman type integral inequal-
ity, namedMate-Nevai type nonlinear integral inequality for continuous functions, which
is one case of inequalities containing integration on inﬁnite intervals for continuous func-
tions. The related theorem reads as follows.
Theorem A Suppose that u ∈ C(R+,R+), H ,F ∈ C(R+ × R+,R+), and H(t, s), F(t, s) are
decreasing in t for every ﬁxed s. φ ∈ C(R+,R+) is strictly increasing, and φ(∞) = ∞.
ψ ∈ C(R+,R+) is increasing. ψ(φ–) ∈ C(R+,R+) is strictly increasing, and ψ(φ–) is sub-
© 2013 Zheng; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.
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ds ∈Dom(G–), T ≤ t <∞.
The inequality above appears to be useful in deriving bounds of solutions of certain
integral equations, but it is inadequate to deal with boundedness for solutions of both
integral equations for discontinuous functions and delay integral equations.
In the present paper, motivated by the work above, we establish some new generalized
Mate-Nevai type nonlinear delay integral inequalities for discontinuous functions, which
extend the main results in []. The establishment for the desired inequalities will be dis-
cussed in -D and -D cases respectively.
2 Main results
In the rest of the paper, we denote the set of real numbers as R, and R+ = [,∞).
Theorem . Suppose that u(t) is a nonnegative continuous function deﬁned on R+ with
the ﬁrst kind of discontinuities at the points ti, i = , , . . . ,n, and ≤ t < t < · · · < tn < tn+ =
∞. f , g ∈ C(R+ × R+,R+), f ′, g ′ ∈ C(R+ × R+,R), and f (s, t), g(s, t) are decreasing in t for
every ﬁxed s. p >  is a constant. τ ∈ C(R+,R+) with τ (t)≤ t, and τ (t)≥ ti for ∀t ∈ [ti, ti+),
i = , , . . . ,n. ω ∈ C(R+,R+), and ω is nondecreasing with ω(u) >  for u > . Furthermore,
ω is submultiplicative, that is, ω(αγ ) ≤ ω(α)ω(γ ) for ∀α,γ ∈ R+. C, βi are constants, and












































t ∈ [ti–, ti), i = , , . . . ,n + , (.)









ω(s) ds, i = , , . . . ,n + ,
bn = C, bi– = ai + βiai, i = , , . . .n,
ai =G–i [–
∫ ti+
ti g˜i(s) exp(–˜fi(s))ω(exp(˜fi(s)))ds] exp(˜fi(ti)), i = , , . . . ,n,
f˜i–(t) =
∫ ti




dt , i = , , . . . ,n + .
(.)
Proof Denote the right-hand side of (.) by v(t). Then
u(t)≤ v(t). (.)
Deﬁne
















ds, i = , , . . . ,n. (.)
Case : If t ∈ [tn,∞) (in fact, tn+ = ∞), then v(t) = v˜n(t). From the deﬁnition of τ , we
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)]′ ≥ g˜n(t) exp(–˜fn(t))ω(˜vn(t)). (.)
Setting t = s in (.), by v˜n(∞) = C = bn, an integration for (.) with respect to s from t to
∞ yields



































Deﬁne c(t) = bn –
∫∞






Since g˜n(t)≤ , and ω is submultiplicative, we have














































Setting t = s in (.), an integration for (.) with respect to s from t to ∞ yields
Gn
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where an is deﬁned in (.). At the same time, we have
u(tn – )≤ v˜n(tn – )≤ an. (.)
Case : If t ∈ [tn–, tn), then from (.), (.) and (.), we have


















































ds + βnu(tn – )

































ds = v˜n–(t). (.)






























tn– g˜n–(s) exp(–˜fn–(s))ω(exp(˜fn–(s)))ds] exp(˜fn–(tn–)) = an–,
u(tn– – )≤ v˜n–(tn – )≤ an–,
where an– is deﬁned in (.).





t g˜j(s) exp(–˜fj(s))ω(exp(˜fj(s)))ds] exp(˜fj(t)),
u(tj)≤ v˜j(tj)≤G–j [–
∫ tj+
tj g˜j(s) exp(–˜fj(s))ω(exp(˜fj(s)))ds] exp(˜fj(tj)) = aj,
u(tj – )≤ v˜j(tj – )≤ aj,
(.)
where aj is deﬁned in (.). Then for t ∈ [ti–, ti), from (.) we obtain
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ds = v˜i–(t). (.)























and the proof is complete. 
Remark . If we take u(t) = φ (˜u(t)), ω =ψφ–, τ (t) = t, and furthermore u(t) is continu-
ous on R+, then Theorem . reduces to Theorem A (i.e., [, Theorem ]).
Remark . Under the assumptions of Remark ., furthermore, if we take φ (˜u(t)) = u˜p(t),
then Theorem . reduces to [, Corollary ].
Remark . If we take ω(u(t)) = uq(t) in Theorem ., Remark . and Remark ., then
we can obtain three corollaries, which are omitted here.
Based on Theorem ., we will establish anotherMate-Nevai type inequality for discon-
tinuous functions in the -D case.
Theorem. Suppose u(x, y) is a nonnegative continuous function on =⋃i,j≥i,j,i,j =
{(x, y)|xi– ≤ x < xi, yj– ≤ y < yj} with the exception at the points (xi, yi), i = , , . . . ,n, where
there are ﬁnite jumps, and  ≤ x < x < · · · < xn < xn+ = ∞,  ≤ y < y < · · · < yn < yn+ =
∞. f , g ∈ C(R+ ×R+,R+). τ(x) ∈ C(R+,R+) with τ(x)≤ x, and τ(x)≥ xi for ∀x ∈ [xi,xi+),
i = , , . . . ,n. τ(y) ∈ C(R+,R+) with τ(y)≤ y, and τ (y)≥ yi for ∀y ∈ [yi, yi+), i = , , . . . ,n.
ω is deﬁned the same as in Theorem .. Furthermore, f (x, y) = , g(x, y) =  for (x, y) ∈i,j,
i = j. C >  is a constant. If for (x, y) ∈, u(x, y) satisﬁes the following inequality:
























βju(xj – , yj – ), (.)
then






















(x, y) ∈i,i, i = , , . . . ,n + , (.)









ω(s) ds, i = , , . . . ,n + ,
b˜n = C, b˜i– = a˜i + βi˜ai, i = , , . . . ,n,
a˜i = G˜–i [–
∫ xi+
xi g˜i(s, yi) exp(–˜fi(s, yi))ω(exp(˜fi(s, yi)))ds] exp(˜fi(xi, yi)),





y f (s, t)dt ds, i = , , . . . ,n + ,
g˜i–(x, y) = –
∫ yi
y g(x, t)dt, i = , , . . . ,n + .
(.)
Proof Denote the right-hand side of (.) by v(x, y). Then
u(x, y)≤ v(x, y). (.)
Deﬁne



















i = , , . . . ,n. (.)
Case : If (x, y) ∈n+,n+ , then v(x, y) = v˜n(x, y). As τ(x)≥ xn for x ∈ [xn,∞) and τ(y)≥




)≤ v˜n(τ(x), τ(y))≤ v˜n(x, y). (.)
Then
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Setting x = s in (.), by v˜n(∞, y) = C = b˜n, an integration for (.) with respect to s from
x to ∞ yields



































Denote c(x, y) by b˜n –
∫∞
x g˜n(s, y) exp(–˜fn(s, y))ω(˜vn(s, y))ds. Then























































Setting x = s in (.), and an integration for (.) with respect to s from x to ∞ yields
G˜n
(
































Combining (.) and (.), we obtain









































× exp(˜fn(xn, yn)) = a˜n, (.)
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where a˜n is deﬁned in (.). At the same time, we have
u(xn – , yn – )≤ v˜n(xn – , yn – )≤ a˜n. (.)
Case : If (x, y) ∈ n,n, then from (.), (.) and (.), under the given conditions
f (x, y) = , g(x, y) =  for (x, y) ∈i,j, i = j, we have
































































+ βnu(xn – , yn – )











































= v˜n–(x, y). (.)
Then, following in a similar manner as in Case , we obtain





















u(xn–, yn–)≤ v˜n–(xn–, yn–)
≤ G˜–n–[–
∫ xn
xn– g˜n–(s, y) exp(–˜fn–(s, y))ω(exp(˜fn–(s, y)))ds]
× exp(˜fn–(xn–, yn–)) = a˜n–,
u(xn– – , yn– – )≤ v˜n–(xn– – , yn– – )≤ a˜n–,
where a˜n– is deﬁned in (.).
Case : If for (x, y) ∈j,j, j = i + , . . . ,n, the following inequalities hold:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
u(x, y)≤ v˜j(x, y)
≤G–j [–
∫ tj+
x g˜j(s, y) exp(–˜fj(s, y))ω(exp(˜fj(s, y)))ds] exp(˜fj(x, y)),
u(xj, yj)≤ v˜j(xj, yj)≤G–j [–
∫ xj+
xj g˜j(s, y) exp(–˜fj(s, y))ω(exp(˜fj(s, y)))ds]
× exp(˜fj(xj, yj)) = a˜j,
u(xj – , yj – )≤ v˜j(xj – , yj – )≤ a˜j,
(.)
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where a˜j is deﬁned in (.), then for (x, y) ∈i,i, by (.), we obtain






































































βju(xj – , yj – )











































= v˜i–(x, y). (.)
Then, following in a similar manner as in Case , we obtain

















× exp(˜fi–(x, y)), (.)
and the proof is complete. 
Remark . If we take u(x, y) = φ (˜u(x, y)) and, furthermore, φ(u(x, y)) = uq(x, y), or take
ω(u) = uq in Theorem ., then we can obtain corresponding corollaries, which are omit-
ted here.
3 Application
In this section, we present one application to illustrate the validity of our results in deriving
explicit bounds for the discontinuous solutions of certain integral equations.
Consider an integral equation of the form












βju(tj – ), ∀t ∈R+, (.)
where u is a continuous function deﬁned onR+ with the ﬁrst kind of discontinuities at the
points ti, i = , , . . . ,n, and ≤ t < t < t < · · · < tn < tn+ =∞. τ ∈ C(R+,R+) with τ (t)≤ t,
and τ (t)≥ ti for ∀t ∈ [ti, ti+), i = , , . . . ,n. βj ≥ , j = , , . . . ,n, andM ∈ C(R+ ×R,R).
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|M(s, t,u)| ≤ f (s, t)|u| + g(s, t)|u|q,
ω(z) = zq, z ∈R+,
(.)
where q,C are constants with  < q < ,C ≥ , f , g ∈ C(R+×R+,R+), f ′, g ′ ∈ C(R+×R+,R),























t ∈ [ti–, ti), i = , , . . . ,n + , (.)
where Gi, bi, ai, f˜i, g˜i are deﬁned the same as in (.), and tn+ =∞.
Proof From (.) we have
∣∣u(t)∣∣ ≤ ∣∣u(∞)∣∣ + ∫ ∞
t






















Then a suitable application of Theorem . yields the desired result. 
Theorem . Under the conditions of Theorem ., furthermore, we have































, i = , , . . . ,n + , (.)
combining (.) and Theorem ., we can easily deduce the desired result. 
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